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a b s t r a c t
In Wachspress (1975) [2] rational bases were constructed for convex polyhedra whose
vertices were all of order three. The restriction to order three was first removed byWarren
(1996) [3] and his analysis was refined subsequently by Warren and Schaefer (2004) [4].
A new algorithm (GADJ) for finding the denominator polynomial common to all the basis
functions was exposed in Dasgupta and Wachspress (2007) [1] for convex polyhedra with
all vertices of order three. This algorithm is applied here for generating bases for general
convex polyhedra.
© 2009 Elsevier Ltd. All rights reserved.
1. Rational bases for convex polyhedra
The GADJ algorithmwas introduced in [1] for convex polyhedra with all vertices of order three. This algorithm computed
the denominator (‘‘adjoint’’) polynomial as a linear combination of easily defined numerator polynomials. When the
numerator for vertex i is normalized to unity at i and the coefficient at vertex one is unity, the coefficient at vertex j is
the ratio of the value of the adjoint at j to its value at i. When a vertex is of order greater than three, the adjoint vanishes at
the vertex. The apparent singularity at this vertex is removable. The GADJ algorithm applies to general convex polyhedra.
However, the numerator of the basis function associated with a node of order greater than three used in the GADJ algorithm
must be determined with care.
Let vertex j be of order r > 3. One may introduce plane Lj close to jwith r vertices of order 3. The r planes intersecting at
vertex j are called its ‘‘adjacent’’ planes. Numerator Rm associated with vertex rm in plane Lj is the product of the r−2 planes
that vanish on the adjacent planes opposite rm. The GADJ coefficients relating numerators for these r vertices may then be
computed, and the linear combination of the r numerators times the GADJ coefficients is denoted as M jr−2. Let F
j
n−r be the
product of the n − r faces opposite node j. Suppose the n-pol has t nodes of order greater than 3. Then the product of the
planes introduced at these nodes (excluding Lj) is P jt−1. The numerator associated with node j is N
j
n+t−3 = M jr−2F jn−rP jt−1.
The degrees of the numerators at vertices of order three are also n + t − 3. The linear combination of all the vertex
numerators computed with the GADJ algorithm for the n-pol is the adjoint Qn+t−4 for the convex element with its vertices
of order greater than 3 replaced by planes which degenerate into the vertices of order greater than 3. This adjoint is of order
r − 3 at vertex j of order r . The numerator at this vertex contains the factor M jr−3 which also has a zero of order r − 3 at j.
The singularity due to vanishing of the adjoint at j is removed since both the numerator and the denominator are of order
r − 3 at vertex j. The numerators at j for vertex neighbors of j are of order r − 2. The numerators of all other vertices are of
order r at j. Thus the basis functions for all nodes other than j approach zero at j.
The factor M jr−2 has a linear factor of Lj and can be expressed as M
j
r−2 = S jr−3Lj. Li may be considered as unity at all
nodes i of order three. Then the common product Pt of all the planes introduced at nodes of order greater than three may be
removed from all numerators k to yield Nkn−3 = Skrk−3F kn−rk . The GADJ weighted sum of these numerators is the adjoint Qn−4
of the polyhedron.
This may be clarified with a simple example.
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2. A simple example
Consider the pyramid with vertices 1 at (0, 0, 0), 2 at (1, 0, 0), 3 at (1, 1, 0), 4 at (0, 1, 0), and 5 at (0, 0, 1). The five planar
faces are z, x, y, 1− x− z, and 1− y− z. Node 5 is of order 4 and the numerators associated with the four nodes (say 6–9)
created by the cutting plane near 5 are:
N6 = z(1− x− z)(1− y− z)
N7 = zx(1− y− z)
N8 = zxy
N9 = zy(1− x− z). (1)
The sum of these four numerators is N5 = z(1− z)2. If we choose the cutting plane parallel to the base, its limiting value is
1− z and the limit of the numerators at vertices 1–4 are:
N1 = (1− z)(1− x− z)(1− y− z)
N2 = (1− z)x(1− y− z)
N3 = (1− z)xy
N4 = (1− z)y(1− x− z). (2)
These four numerators sum to (1 − z)N5/z = (1 − z)3. Let Q be the adjoint polynomial and consider variation of basis
function 5 along edge (1, 5) on which x = 0 and y = 0. The numerator on this edge is N5mod(1, 2) = z(1 − z)2. We
choose k5 = 1. Then the denominator Qmod(1, 2) = N5 + k1N1mod(1, 2) = z(1 − z)2 + k1(1 − z)3. Dividing numerator
and denominator by (1 − z)2, we find that the basis function at vertex 5 varies as z/(z + k1(1 − z)) and when k1 = 1 the
denominator is constant (at unity). Similar analysis for the other three edges meeting at vertex 5 yields k-values of unity for
all base numerators. In general, the values will be vertex dependent.
The sum of the five numerators is Q = N1 + N2 + N3 + N4 + N5 = (1 − z)2 andW5 = z(1 − z)2/(1 − z)2 = z. The
singularity is thus removed. The five basis functions are:
W1 = (1− x− z)(1− y− z)/(1− z)
W2 = x(1− y− z)/(1− z)
W3 = xy/(1− z)
W4 = y(1− x− z)/(1− z)
W5 = z. (3)
The factor of 1 − z common to all numerators factors out to yield a denominator of order n − 4 = 1 in the limiting
case where the added plane reduces to the vertex of order 4 rather than the denominator of order 2 for the truncated
element. Note that basis functions 1–4 approach zero as z approaches vertex 5 even though the denominator vanishes
at this vertex. This pyramid was chosen as a simple illustration of the method. We verify degree-one approximation.
W5 = z,W2 + W3 = x,W3 + W4 = y and the sum of the five is unity. The fact that this is the limiting case of a convex
polyhedron with all vertices of order three assures satisfaction of the desired properties.
3. A simplified calculation
The computation may be simplified. We proceed in two steps. The first requires computation of the EIP for polygons
on the cutting planes. This procedure motivates an alternative that eliminates need for introducing cutting planes and
computing EIP. In practice the order of a vertex will often be small enough that one may compute easily the EIP in the
plane which reduces to the vertex of order greater than three. If vertex i is of order r there are r(r − 3)/2 such EIP. The
order of S at i is r − 3. There are (q + 1)(q + 2)/2 terms of order q in P(x, y, z). For q = r − 3 this is (r − 1)(r − 2)/2
terms. One degree of freedom must be subtracted for normalization: (r − 1)(r − 2)/2 − 1 = r(r − 3)/2. Thus, all
the EIP may be fit to the polynomial terms of order r − 3 at i. This is S i. Consider the following example: Vertex 1 is at
(0, 0, 0), 2 = (0, 0, 1), 3 = (1, 0, 1), 4 = (2, 1, 1/2), 5 = (1, 2, 1/2), 6 = (0, 1, 1). The seven faces of this element are:
I = (1, 2, 6) = x
II = (1, 2, 3) = y
III = (1, 3, 4) = z − x+ 3y/2
IV = (1, 4, 5) = 6z − x− y
V = (1, 5, 6) = z − y+ 3x/2
VI = (3, 4, 5, 6) = 5− (x+ y+ 4z)
VII = (2, 3, 6) = 1− z (4)
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S i are the factors to be computed for numerators at nodes of order greater than three: nodes 1, 3 and 6. The numerators
associated with the six nodes are:
N1 = VI VII S1
N2 = III IV V VI
N3 = I IV V S3
N4 = I II V VII
N5 = I II III VII
N6 = II III IV S6. (5)
Symmetry indicates that N5(x, y, z) = N4(y, x, z) and N6(x, y, z) = N3(y, x, z). Also, N1(x, y, z) = N1(y, x, z) and
N2(x, y, z) = N2(y, x, z).
We first determine S1. Since node 1 is of order 5, this factor, taking symmetry into account, is of the form
S1 = z2 + βz(x+ y)+ γ (x+ y)2 + δxy. (6)
We choose the plane at this vertex as z − 1/4 = 0. This plane intersects the five edges at vertex 1 at the five points:
a = (0, 0, 1/4), b = (1/4, 0, 1/4), c = (1, 1/2, 1/4), d = (1/2, 1, 1/4), and e = (0, 1/4, 1/4). The exterior intersection
points (EIP) of the pentagonwith these five vertices are readily found by parametrizing x and y on the sides. For example, on
side (a, b)with t = 0 at a and1 at b : x = t/4 and y = 0. On side (d, e)with s = 0 at e and1 at d : x = s/2 and y = 1/4+3s/4.
The sides intersect where 1/4 + 3s/4 = 0 or s = −1/3, in which case x = −1/6. Thus, E1 = (−1/6, 0) is an EIP and by
symmetry E2 = (0,−1/6) is an EIP. The other three EIP, found in similar fashion, are E3 = (3/2, 0), E4 = (0, 3/2) and
E5 = (−1/2,−1/2). E1 and E2 substituted into Eq. (6) with z = 1/4 yield:
1
16
− β
24
+ γ
36
= 0. (7)
Substituting E3 and E4 into Eq. (6), we obtain
1
16
+ 3β
8
+ 9γ
4
= 0. (8)
These equations yield β = 43 and γ = − 14 . E5 is in S1 when δ = 2512 . Multiplying by 12, we obtain the desired factor:
S1 = 12z2 + 16z(x+ y)− 3(x+ y)2 + 25xy. (9)
Since node 3 is of order 4 the factor S3 is linear: S3 = (1− z)+ αy+ β(1− x), where α and β must be computed from the
EIP of a cutting plane near vertex 3. The plane P3 on which (1 − x) + 3y + (1 − z) − 1/2 = 0 cuts the edges meeting at
vertex 3 at: a = (1/2, 0, 1), b = (7/8, 1/8, 1), c = (6/5, 1/5, 9/10) and d = (3/4, 0, 3/4). The EIP for this quadrilateral
are E1 = (3/2, 1/3, 1) and E2 = (1/3, 0, 7/6). We compute S3 from these EIP:
α
3
− β
2
= 0 and − 1
6
+ 2β
3
= 0.
This yields α = 3/8 and β = 1/4. Thus,
S3 = 10− 8z − 2x+ 3y. (10)
We now introduce an alternative which eliminates cutting planes and EIP from the computation. This is not surprising since
the adjacent factors are independent of the cutting planes. Any plane cut by all the edges suffices. The intersections of the
cutting plane with the edges adjacent to vertex i need not all lie on the element edges. Some or all of them may lie on
edges extended beyond the element. For all cutting planes, the EIP lie on the intersections of non-adjacent planes adjacent
to vertex i. Instead of fitting the EIP to the curve of the adjacent factor we may fit these r(r − 3)/2 intersection lines which
may be determined directly from the vertex and its r neighbors.
Let neighbors j, k, l andm of vertex i define planes (i, j, k) and (i, l,m)which intersect at EIP line (i, n). This line may be
parametrized. On (i, n): x − xi = αt, y − yi = βt and z − zi = γ t where t = 0 at the vertex. The physical coordinates
(x′, y′, z ′)may be translated to (x, y, z)with origin at i. Line (r, s, n) satisfies
det
[xr xs α
yr ys β
zr zs γ
]
= 0. (11)
We may normalize α to unity and compute β and γ by solving the system:[
(xjzk − zjxk) (xkyj − ykxj)
(xlzm − zlxm) (xmyl − ymxl)
] [
β
γ
]
=
[
(yjzk − zjyk)
(ylzm − zlym)
]
. (12)
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Wenote that if the system is singular we set α to zero and compute β and γ as the components of the eigenvector belonging
to the zero eigenvalue. We illustrate by determining S3 of Eq. (10) in this manner. Let
S3 = a0(x′ − 1)+ a1y′ + a2(z ′ − 1) = a0x+ a1y+ a2z. (13)
The four vertices with origin translated to vertex 3 are 4 = (1, 1,−1/2) 1 = (−1, 0,−1) 6 = (−1, 1, 0) 2 = (−1, 0, 0).
The two planes that intersect on one EIP line are (3, 4, 1) and (3, 2, 6). The first row of the system of order two is with j = 4
and k = 1. The second row is with l = 2 andm = 6. Substituting these coordinate values into Eq. (12), we have[−3/2 −1
0 −1
] [
β1
γ1
]
=
[−1
0
]
(14)
from which we compute β1 = 2/3 and γ1 = 0. For the other EIP line the first row is with j = 1 and k = 2 and the second
row is with l = 4 andm = 6:[−1/2 −2
−1 0
] [
β2
γ2
]
=
[
1/2
0
]
(15)
from which we compute β2 = 0 and γ2 = −1/4. Thus, a0 + 2a1/3 = 0 and a0 − a2/4 = 0 yield with a2 normalized to−8:
a0 = −2, a1 = 3 so that with actual coordinates (x, y, z), S3 = −2(x − 1) + 3y − 8(z − 1) = 10 − 8z − 2x + 3y as in
Eq. (10).
This approach eliminates cutting planes and limits as they approach vertices of order greater than three fromcomputation
of adjacent factors at vertices. These factors are computed directly from coordinates of the vertex and its r neighbors. Cutting
planes were introduced only to motivate the construction.
4. The GADJ algorithm
Let node i be of order ri and let adjacent node j be of order rj. Consider the variation of numerators Ni and Nj along edge
(i, j). The adjacent factor Si at i is of order (ri − 3). Let t = 0 at i and 1 at j. The parametrized variation of Si on (i, j) is sit ri−3
where the value of the coefficient si must be computed. The parametrized variation of the opposite factor at i not shared at
j is pi(1− t)rj−2 where the coefficient pi must be computed. Similar factors at j are sj(1− t)rj−3 and pjt ri−2. Thus, along edge
(i, j):
kiNi
kiNi + kjNj =
kisit ri−3pi(1− t)rj−2
kisit ri−3pi(1− t)rj−2 + kjsj(1− t)rj−3pjt ri−2
= kisipi(1− t)
kisipi(1− t)+ kjsjpjt . (16)
The numerator is linear, and the denominator is constant when kj = kisipi/sjpj. Note that when ri = 3 coefficient si = 1 and
when rj = 3, coefficient sj = 1. The usual order-3 node recursion results. This establishes the validity of the algorithm
relating adjacent vertices. That the ki are independent of the sequence in which they are determined follows from the
observation that the computation is for an element which is the limit of an element with all vertices of order three. The
factors need not be parametrized for evaluation of the coefficients. The factors not common to adjacent vertex numerators
need only be evaluated at the appropriate vertices. This is illustrated with the example of Section 3:
We set k1 = 1 and compute the remaining ki with the GADJ algorithm. Along edge (1, 2), x = y = 0 and t = z. We have
N1/(N1 + k2N2) = VIIS1/[VII S1 + k2(III IV V )] = 12z2(1 − z)/[12z2(1 − z) + 6k2z3] = 2(1 − z)/[2(1 − z) + k2z]. The
denominator is constant when k2 = 2. Similar analysis on edge (1, 3) where x = z and y = 0 yields k3 = 1. If we compute
k3 from k2 along edge (2, 3) where z = 1 and y = 0 we find that:
(k2III VI)/[k2III VI + k3IS3] = k2x2(1− x)2/[k2x2(1− x)2 + 2k3x3(1− x)]
= k2(1− x)/[k2(1− x)+ 2k3x]. (17)
The denominator is constant when k3 = k2/2 = 1, consistent with the result from the edge (1, 3) analysis. We find from
edge (3, 4) relating k4 to k3 that k4 = 50. The same value is computed from variation along edge (1, 4). By symmetry, we
have k5 = 50 and k6 = 1.
The adjoint polynomial (denominator of the basis functions) is in general the sum of the kiNi.
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